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Non-Fock representations of the canonical commutation relations modeled over an infinite- 
dimensional nuclear space are constructed in an explicit form. The example of the nuclear 
space of smooth real functions of rapid decrease results in nonequivalent quantizations of 
■ scalar fields. 
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I. INTRODUCTION 



^ . 

By virtue of the well-known Stone-von Neumann uniqueness theorem, all irreducible 
representations of the canonical commutation relations (henceforth the CCR) for finite 
degrees of freedom are equivalent. On the contrary, the CCR for infinite degrees of freedom 
admit infinitely many nonequivalent irreducible representations (see Ref. [1] for a survey). 



Ref. [2] provides the comprehensive description of representations of the CCR mod- 



O 

eled over an infinite-dimensional nuclear space Q. These representations are associated to 
translationally quasi-invariant measures on the (topological) dual Q' of Q and, due to the 
well-known Bochner theorem, are characterized by continuous positive-definite functions 
on Q. In Section IV-V of this work, operators of these representations are written in an 
explicit form. For instance, the Fock representation is associated to a certain Gaussian 
measure on Q'. If Q is not a nuclear space, the Fock representation need not exist (see 
Remark |2| below). 

^ ■ Nuclear (non-Banach) involutive algebras are widely studied in algebraic quantum field 

theory since the well-known GNS construction for C*-algebras can be generalized to these 
algebras too. 3 " 5 A Banach space is not nuclear, unless it is finite-dimensional (see Remark 
|2| below). A physically relevant example of an infinite-dimensional nuclear space is the 
space RS 4 of smooth real functions of rapid decrease on M 4 . It is the real subspace of the 
space ,S(R 4 ) of smooth complex functions of rapid decrease on IR 4 (see Remark [| below). 
Its (topological) dual is the space S"(1R 4 ) of tempered distributions (generalized functions). 6 
Of course, elements of RS 4 by no means are physical fields, but test functions. Continuous 
positive forms / on the tensor Borchers algebra 



A RS 4 = R © RS 4 © RS 8 © • • • (1) 

of -RS* 4 are expressed as 



/C0n) = / W n (x 1 ,...,x n )ij) n (xx,...,x n )d Xf-dTXn, ip n eRS n , (2) 
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into the tempered distributions W n G ^'(M 4 ") whose Fourier transform is regarded as the 
vacuum expectations of the plane wave operators of quantum scalar fields. 

Of course, quantum fields do not constitute any CCR algebra, but there is a morphism of 
RS 4 to the CCR algebra over the nuclear space RS 3 . It is treated as the instantaneous CCR 
algebra of scalar fields. Its Fock representation provides the familiar vacuum expectations 
of free quantum scalar fields on the Minkowski space M 4 , while the non-Fock ones lead to 
nonstandard quantizations of these fields (see Section VI). 

In order to characterize interacting quantum fields created at some instant and annihi- 
lated at another one, one should turn to the causal forms f c on the Borchers algebra Ars* 
([!]). They are given by the functionals 

f°(ipn) = J . . . , x n )ip n (x u x n )d 4 x x ■ ■ ■ d 4 x n , ip n G RS 4n , (3) 

w c n {x ll ... )Xn )= £ eixl-xD-'-eixl^-xDw^,...^), (4) 

(il—in) 

where W n G S"(1R 4 ") are tempered distributions, 6 is the step function, and the sum runs 
through all permutations . . i n ) of the tuple of numbers 1, . . . , n? The problem is that 
the functionals (Q) need not be tempered distributions and, therefore, the causal forms 
f c (JD are neither positive nor continuous forms on the Borchers algebra Ars 4 - 

At the same time, the causal forms issue from the Wick rotation of Euclidean states of 
the Borchers algebra A RS 4 which describe particles in the interaction zone (see Section VII). 
The key point is that, since the causal forms (|J) are symmetric, the Euclidean states of the 
Borchers algebra A rs a can be obtained as states of the corresponding commutative tensor 
algebra B rs a. 8-10 They characterize different representations of the Abelian subgroup of 
the CCR group modeled over the nuclear space SR 4 , and are associated to different positive 
measures on the space of generalized functions S"(1R 4 ). From the physical viewpoint, these 
states are Euclidean Green's functions whose Wick rotation gives complete Green's func- 
tions of interacting quantum scalar fields on the Minkowski space. Some nonperturbative 
phenomena, e.g., the Higgs vacuum can be studied in this manner. 9 

For the sake of simplicity, our consideration here is restricted to scalar fields. In order 
to describe nonscalar fields on R 4 with values in a vector space V, one can consider the 
Borchers algebra of the tensor product space V®SR A . 10 Difficulties arise if nonscalar fields 
are defined on a noncontractible manifold X, i.e. they are sections of a vector bundle 
Y —>■ X. If this is a trivial bundle, the space Yx(X) of its sections of compact support 
equipped with the Schwartz topology is a nuclear space. In the general case, Y — > X 
is a Whitney summand of a trivial bundle, and the vector space Yk{X) of its sections 
of compact support is provided with the relative Schwartz topology, which makes it to a 
nuclear Schwartz manifold. However, the extension of the Bochner theorem for this nuclear 
manifold remains under question. Note that quantum gauge theory on compact manifolds 
usually deals with Sobolev spaces of gauge potentials. 11,12 To dispose of the compactness 
assumption, the technique of nuclear Schwartz manifolds also has been applied to gauge 
theory. 13 ' 14 However, it meets serious inconsistencies because of the lack of the inverse 
function theorem. 



2 



II. THE NUCLEAR CCR 

Let us recall the notion of a nuclear space. 2,15 Let a complex vector space Q have a 
countable set of nondegenerate Hermitian forms = 1, . . ., such that 

(g|g>i<---<<g|g>*<--- 

for all q G Q. If Q is complete with respect to the (Hausdorff) topology defined by the set 
of norms 

11-11* =<.|.)1 /2 , fe = l,..., (5) 

it is called a countably Hilbert space. The dual Q' of Q is provided with the weak and 
strong topologies. 

Let Qk denote the completion of Q with respect to the norm ||.||^ ([5]). We have the 
chain of injections 

Qx d Q 2 D •••Qk D ••• 

together with the homeomorphism Q = C\Qk- Let m < n, be a prolongation of the 
map 

Q n DQ3q^qeQcQ m 

to the continuous map of Q n onto the dense subset of Q m . A countably Hilbert space Q is 
called a nuclear space if, for any m, there exists n such that T™ is a nuclear map, i.e., 

i 

where: (i) {g^} and {q l m } are bases for the Hilbert spaces Q n and Q m , respectively, (ii) 
Xi > 0, and (iii) the series K converges. 

Remark 1: A nuclear space is perfect, i.e., every bounded closed set in a nuclear space 
is compact. It follows that a Hilbert space is not nuclear, unless it is finite-dimensional. 
Furthermore, a nuclear space is separable, and the weak and strong topologies both on this 
space and its dual coincide. 

Let a nuclear space Q be provided with still another nondegenerate Hermitian form (.|.) 
which is separately continuous. It follows that there exist numbers M and m such that 

(q\q) < M\\q\\ m , \/q G Q. (6) 

Let Q denote the completion of Q with respect to this form. There are the injections 

QcQcQ', (7) 

where Q is dense in Q, and so is Q in Q'. The triple ((7|) is called the rigged Hilbert space. 
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Given a real nuclear space Q together with a nondegenerate separately continuous Her- 
mitian form (.|.), let us consider the group G(Q) of triples g = ?2, A) of elements q±, q 2 
of Q and complex numbers A of unit modulus which are subject to multiplications 

(91,92, A)(^,g2, A') = (q 1 + q[,q 2 + q' 2 ,exp[i(q 2 , q[}}\\'). (8) 

It is a Lie group whose group space is a nuclear manifold modeled over Q © Q © R. Let us 
denote 

T(g) = (g,0,0), P(g) = (0, q, 0). 

Then the multiplication law takes the form 

T(q)T(q') = T(q + q'), P(q)P(q') = P(q + q'), 
P(q)T(q')=exp[i(q\q'))T(q')P(q). (9) 

Written in this form, G(Q) is called the nuclear Weyl CCR group. 

The complexified Lie algebra of the nuclear Lie group G(Q) is the Heisenberg CCR 
algebra Q{Q). It is generated by the elements (p(q), vr(g), q G Q, and / which obey the 
Heisenberg CCR commutation relations 

[0(g),/] = Kg),/] = 0, 

[0(g), 0(g')] = [Tr(g), vr(g')] = 0, [n(q), 0(g')] = -i(q\q')L (10) 

There is the exponential map 

T(g) = exp[z0(g)], P(q) = exp[ivr(g)]. 

Due to the relation (|j), the normed topology on the pre-Hilbert space Q defined by 
the Hermitian form (.|.) is coarser than the nuclear space topology. The latter is metric, 
separable and, consequently, second-countable. Hence, the pre-Hilbert space Q is also 
second-countable and, therefore, admits a countable orthonormal basis. Given such a basis 
{qi} for Q, the Heisenberg CCR (0) take the form 

[<{>(%), <P{Qk)] = [*(qk), Trfe)] = 0, <P{qk)} = -i5 jk L 

III. REPRESENTATIONS OF THE NUCLEAR CCR GROUP 

The CCR group G(Q) contains two nuclear Abelian subgroups T{Q) and P(Q)- Follow- 
ing the representation algorithm in Ref . [2] , we first construct representations of the nuclear 
Abelian group T{Q). These representations under certain conditions can be extended to 
representations of the whole CCR group G(Q). 



4 



One can think of the nuclear Abelian group T(Q) as being the group of translations in 
the nuclear space Q. Its cyclic strongly continuous unitary representation 7r in a Hilbert 
space (E, (-\-)e) with a (normed) cyclic vector 9 G E defines the complex function 

Z(q) = {ix(T(q))9\9) E 

on Q. This function is proved to be continuous and positive-definite, i.e., Z(0) = 1 and 

^Z(qi - qj)ciCj > 

for any finite set g lf . . . , q m of elements of Q and arbitrary complex numbers Ci, . . . , c m . 

In accordance with the well-known Bochner theorem for nuclear spaces, any continuous 
positive-definite function Z(q) on a nuclear space Q is the Fourier transform 

z (q) = J ex v[i(q,u)}fi(u) (11) 

of a positive measure p of total mass 1 on the dual Q' of Q. 2 Then the above mentioned 
representation 7r of T(Q) can be given by the operators 

T z(q)p(u) = exp[i(q,u)]p(u) (12) 

in the Hilbert space L 2 C (Q' , p) of classes of /i-equivalent square integrable complex functions 
p(u) on Q' . The cyclic vector 9 of this representation is the /i-equivalence class 9 ~ M 1 of 
the constant function p(u) = 1. Then we have 

Z{q) = (T z (q)9\9)^ = J exp[i(g, u)]fi. (13) 

Conversely, every positive measure p of total mass 1 on the dual Q' of Q defines the 
cyclic strongly continuous unitary representation (|12|) of the group T(Q). By virtue of 
the above mentioned Bochner theorem, it follows that every continuous positive-definite 
function Z(q) on Q characterizes a cyclic strongly continuous unitary representation fll2| ) 
of the nuclear Abelian group T(Q). We agree to call Z(q) a generating function of this 
representation. 

It should be emphasized that the representation (|12|) need not be (topologically) irre- 
ducible. For instance, let p(u) be a function on Q' such that the set where it vanishes is 
not a /i-null subset of Q' . Then the closure of the set Tz(Q)p is a T(Q)-invariant closed 
subspace of Lq(Q',p,). 

One can show that distinct generating functions Z(q) and Z'(q) determine equivalent 
representations Tz and Tz> (O) of T(Q) in the Hilbert spaces L 2 C {Q' ', p) and L 2 C {Q' , p') iff 
they are the Fourier transform of equivalent measures Q'. 2 Indeed, let 

p' = s 2 p, (14) 
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where a function s(u) is strictly positive almost everywhere on Q', and p{s 2 ) = 1. Then 
the map 

L 2 C (Q', //) 3 P(u) h- s(u)p(u) E L 2 C (Q', fi) (15) 

provides an isomorphism between the representations Tz> and Tz- 

The representation Tz (0) of the nuclear Abelian group T(Q) in the Hilbert space 
Lq(Q', p) determined by the generating function Z fly} ) can be extended to the CCR group 
(j(Q) if the measure p possesses the following property. 

Let u q , q E Q, be an element of Q' given by the condition 

(q',u q ) = (q'\q), Vq' E Q. (16) 

These elements form the image of the monomorphism Q — > Q' determined by the Hermitian 
form (.|.) on Q. Let the measure p in (0) remains equivalent under translations 

Q' 3 u ^ u + u q E Q' , Vu q E Q C Q', 

in Q', i.e., 

fi(u + u q ) = a 2 (q,u)jj,(u), ~iu q E Q C Q ', (17) 

where a function a(q, u) is square /x-integrable and strictly positive almost everywhere on 
Q' . This function fulfils the relations 

a(0, w) = l, a(q + q' ,u) = a(q,u)a(q' ,u + u q ). (18) 

A measure on Q' obeying the condition ([IT]) is called translationally quasi- invariant, but it 
does not remains equivalent under any translation in Q', unless Q is finite-dimensional. 

Let a generating function Z of a cyclic strongly continuous unitary representation of 
the nuclear group T(Q) be the Fourier transform ( pTT|) of a translationally quasi-invariant 
measure \i on Q'. Then one can extend the representation (|TJ) of this group to the repre- 
sentation of the CCR group in the Hilbert space L 2 C {Q' ', /j) by operators 

p z{q)p{u) = a(q, u)p{u + u g ). (19) 

Indeed, it is easily justified that the Weyl CCR fl9|) hold, while the equalities 

IIpIU = / IpHIVM = / \p(u + u q )\ 2 fi(u + u q ) = (20) 

J a 2 (q,u)\p(u + u q )\ 2 fx(u) = \\P z (q)p\\% 

show that the operators (p!9|) are unitary. 

Let a' (p!4|) be a /i-equivalent positive measure of total mass 1 on Q' . The equality 

/jf(u + u q ) = s~ 2 (u)a 2 (q, u)s 2 (u + u q )u'(u) 
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shows that it is also translationally quasi-invariant. Then the isomorphism flI5D between 
representations Tz and Tz> of the nuclear Abelian group T(Q) is extended to the isomor- 
phism 

Pz'{q) = s' 1 P z {q)s : p(u) h-> s -1 (u)a(g, u)s(u + w g )p(w + w g ) 

of the corresponding representations of the CCR group G{Q). 

IV. REPRESENTATIONS OF THE CCR ALGEBRA 

Similarly to the case of a finite-dimensional Lie group, any strongly continuous unitary 
representation Tz (|l2l), Pz (|19|) of the nuclear CCR group G{Q) implies a representation of 
its Lie algebra Q{Q) by (unbounded) operators in the same Hilbert space L^(Q',fi). This 
representation reads 16 ' 17 

I = 1 , </>(q)p( u ) = (q, u)p(u), ir(q)p(u) = -i(5 q + rj(q, u))p(u), (21) 
5 q p{u) = lima~ 1 [p('u + au q ) — p(u)}, a G M, 

a— >0 

r)(q,u) = lima _1 [a(ag, u) — 1]. (22) 

a— >0 

One at once derives from the relations (|18D that 



5 g S q/ = 5 g/ S g , 5 q (r}(q', u)) = 5 q <(r}(q, u)), 

5 q = -5- qj 6 q ((q',u)) = (q'\q), 

r](0, u) =0, Wue Q', 5 q 6 = 0, Wq € Q. 

With the aid of these relations, it is easily justified that the operators (|21|) fulfil the Heisen- 
berg CCR (pTJj). The unitarity condition ( PD| ) implies the conjugation rule 

(q,u)* = (q,u), 5* = -5 q -2rj(q,u). 

Hence, the operators (EH]) are Hermitian. 

Let us further restrict our consideration to representations with generating functions 
Z(q) such that 

R3t^ Z(tq) (23) 

is an analytic function on R at t = for all q £ Q. Then one can show that the function 
(q\u) on Q' is square /x-integrable for all q G Q and that, consequently, the operators 4>(q) 
(pl|) are bounded everywhere in the Hilbert space Lq(Q',p). Moreover, the mean values of 
operators 0(g) can be computed by the formula 

_ d d f 

(<t>(qi) ■ ■ ■ <t>(qn)) =i n ^'''~Q^ z ( a ' lqi ^ al = = J (qi, u ) ■ ■■(qn,u)p(u). (24) 

The operators Tr(q) (^1|) act in the subspace of all smooth complex functions in 
L 2 C {Q' p) whose derivatives of any order also belongs to L 2 c {Q',p). However, need 
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not be dense in the Hilbert space Lq(Q',h), unless Q is finite-dimensional. The space 
Eoo is also the carrier space of a representation of the enveloping algebra Q{Q) of the 
CCR algebra G(Q). The representations of Q(Q) and Q(Q) in need not be irreducible. 
Therefore, let us consider the subspace Eg = Q{Q)6 of E^, where 9 is a cyclic vector for the 
representation of the CCR group in Lq(Q',/j,). Obviously, the representation of the CCR 
algebra Q(Q) in Eg is (algebraically) irreducible. If 9' is another cyclic vector in Lq(Q',h), 
the representations of Q{Q) in Eg and Eg> are equivalent. 
One also introduces creation and annihilation operators 

^(q) = -^[Ho) T "K?)] = ^ [TS q T v(Q, «) + (?, ")]■ (25) 

They obey the conjugation rule (a ± (g))* = a T (q) and the commutation relations 

[a-(q),a + (q')\ = (q\q')l, [a + (q) , a+ (q>)] = [a~ (q) , a~ (q')\ = 0. 
The particle number operator N in the carrier space Eg is defined by the conditions 

[N,a ± (q)] = ±a ± (q) 

up to a summand Al. With respect to a countable orthonormal basis {qk}, this operator 
iV is given by the sum 

N= E a+ feKfe)> (26) 

k 

but need not be defined everywhere in Eg, unless Q is finite dimensional. 

V. NON-FOCK REPRESENTATIONS OF THE NUCLEAR CCR 

Gaussian measures exemplifies the physically relevant class of translationally quasi- 
invariant measures on the dual Q' of a nuclear space Q. The Fourier transform of a Gaussian 
measure reads 

Z(y) = exp [~B(y)\ , (27) 
where B(q) is a seminorm on Q' called the covariance form. 

Remark 2: If Q is a Banach space provided with the norm ||.||, there exists a Gaussian 
quasi-measure on its dual Q' with the covariance form ||.||, but it is not a measure unless Q 
is finite-dimensional. Let T be a continuous operator in Q. The Gaussian quasi-measure on 
Q' with the covariance form q \— > \\Tq\\ is proved to be a measure iff T is a Hilbert-Schmidt 
operator. Let Q = W 2 be a finite-dimensional vector space and B a norm on Q. Let its 
dual Q' be coordinated by The Gaussian measure on Q' with the covariance form B 
is equivalent to the Lebesgue measure d n x on Q'. It reads 



det[B] 



1/2 



»» = -f2^jr exp 



d n x. 
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Let hk denote a Gaussian measure on Q' whose Fourier transform is the generating 
function 

Z K = eM-\B K (q)] (28) 

with the covariance form 

B K (q) = (K-WK-'q), (29) 

where K is a bounded invertible operator in the Hilbert completion Q of Q with respect to 
the Hermitian form (.|.). The Gaussian measure fix is translationally quasi-invariant, i.e., 

fi K (u + u q ) = a 2 K (q, u)hk{u). 

Using the formula (0), one can show that 

a K (q,u) = exp[-^B K (Sq) - ^(Sq,u)), (30) 

where S = KK* is a bounded Hermitian operator in Q. 

Let us construct the representation of the CCR algebra Q (Q) determined by generating 
the function Zk (P5[). Substituting the function ( |3TiD into the formula (^), we find 

v(q, u ) = ~^(Sq,u). 



Hence, the operators <fi(q) and 7r(q) ( PT| ) take the form 

1 
2 

Accordingly, the creation and annihilation operators (^) read 

1 



(f)(q) = (q,u), 7r(q) = -i(S g - -(Sq,u)). (31) 



a ± (g) = — [TS q ± -(Sq,u) + (q,u)). (32) 



They act on the subspace Eg, 9 ~ MA , 1, of the Hilbert space L 2 C {Q' \\ik), and are Hermitian 
with respect to the Hermitian form on L 2 C {Q' ', fi K ). 

Remark 3: If a representation of the CCR is characterized by the Gaussian generating 
function (H), it is convenient for a computation to express all operator into the operators 
S q and 4>(q), which obey the commutation relation 

KHq')] = (q'\q)- 

For instance, we have 

i 

Tr(q) = -i5 q - -<f){Sq). 



The mean values (4>(qi) ■ ■ •0(<Zn)^?) vanishes, while the meanvalues (4>{qi) ■ ■ -(j)(q n )8 q ), de- 
fined by the formula (0), obey the Wick theorem relations 

(0(91) • ■■<P{qn)S q ) = E(<K<7n)<K<?; 2 )> ■ ■ ■ (0(g< n - l )^(9<n)>> ( 33 ) 

where the sum runs through all partitions of the set l,...,n in ordered pairs (i\ < 
i 2 ), . . . (i n -i < i n ), and where 

<0(g)0(g')> = (K- l q\K- l q>). 



In particular, put K = \/2 ■ 1. Then the generating function (p8| ) takes the form 

Z F (q) = exp[~(q\q)}, (34) 

and determines the Fock representation of the CCR algebra G(Q). It is given by the 
operators 

(j)(q) = (q,u), ir(q) = -i(5 q - (q,u)), 
a+ (<?) = -^\~ 5 i + 2 (9' u)], a'(q) = -j=5 q . 

Its carrier space is the subspace Eg, 9 1 of the Hilbert space Lq(Q' , fip) , where fip 
denotes the Gaussian measure whose Fourier transform is (|34D . We agree to call it the Fock 
measure. 

The Fock representation up to an equivalence is characterized by the existence of a 
cyclic vector 9 such that 

a -(q)9 = 0, VqeQ. (35) 

For the representation in question, this is 9 ~ MP 1. An equivalent condition is that the par- 
ticle number operator iV (^6]) exists and its spectrum is lower bounded. The corresponding 



eigenvector of iV in Eg is 9 itself so that iV# = 0. Therefore, one often interprets this 
eigenvector as a vacuum state. 

A glance at the expression fl32|) shows that the condition ( |35| ) does not hold, unless Z K 



is Zp (|34|). For instance, the particle number operator in the representation ( p2|) reads 

n = = Et-M* + s i(ik,u)d q . + 

{5 km ~ ^SiS J m (q k ,u)(q m ,u) - {djj - -Sj)}, 

where {q k } is the orthonormal basis for the pre-Hilbert space Q. One can show that this 
operator is defined everywhere on Eg and is lower bounded only if the operator S is a sum 
of the scalar operator 2 ■ 1 and a nuclear operator in Q, in particular, if 

Tr(l - ^S) < 00. 
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This condition is also sufficient for the measures \ik and \ip (and, consequently, the corre- 
sponding representations) to be equivalent. 2 For instance, the generating function 

c 2 1 
Z c (q) = exp[- — (q\q)), c 2 /-, 

determines a non-Fock representation of the nuclear CCR. 

Remark J^: The non-Fock representation (|3ll) of the CCR algebra fllQ|) in the Hilbert space 
L 2 C {Q' ', n K ) is the Fock representation 

<M<?) = 0(g) = (q,u), 

Mq) = AS-'q) = -»(*f - \{q,u)), = 6 s -i q , 

of the CCR algebra {0x(g), Tf K (q), I}, where 

{Mq),Mq)] = KK- l q\K~ 1 q ')i- 

This fact motivates somebody to regard representations of the CCR group @ as rep- 
resentation of two mutually commutative Abelian groups T(Q) and (P{Q) up to phase 
multipliers. 18 

Since the Fock measure /ip on Q' remains equivalent only under translations by vectors 
u q G Q C Q f , the measure 

\i a = /i F (w - a), aeQ'\Q, 

on Q' determines a non-Fock representation of the nuclear CCR. Indeed, this measure is 
translationally quasi-invariant: 

fi a (u + u q ) = a 2 a (q,u)[i a (u), a a (q,u) = a F (q,u- a), 

and its Fourier transform 

Z a (q) = exp[i(q,a)}Z F (q) 

is a positive-definite continuous function on Q. Then the corresponding representation of 
the CCR algebra is given by operators 

* + (q) = -^("^ + 2(q, u) - (q, a)), a~(g) = ^ q + (q, a)). (36) 

In comparison with all the above representations, these operators possess nonvanishing 
vacuum mean values 

(a ± (q)9\9), F = T(q,cj). 
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If a G Q C Q', the representation (RBI) becomes equivalent to the Fock representation fl52p 
due to the morphism 

p(w) exp[-(g',u)]p(w + 

VI. FREE QUANTUM FIELDS 

In this Section, representations of the nuclear CCR are utilized in order to describe free 
quantum fields. In the framework of algebraic quantum field theory, quantum fields are 
characterized by a unital involutive topological algebra A and a (continuous positive) state 
/ of A. The key point is that a quantum field algebra is never normed. 

With reference to the field-particle dualism, realistic quantum field models are described 
by tensor algebras, as a rule. Let Q be a real (locally convex) topological vector space, 
endowed with an involution operation q i— ► q*, q G Q. Let us consider the tensor algebra 

n n 

Aq = RQ) Q ® Q 0) ■ ■ ■ , Q n = ®Q, (37) 
of Q. It is a *-algebra with respect to the involution 

(q 1 ---q n y = (q n r---(q 1 r- 

The direct sum topology makes Aq to a topological involutive algebra. A state / of this 
algebra is given by a tuple {f n } of continuous forms on the tensor products Q n . Its value 
/(g 1 • • ■ q n ) are interpreted as the vacuum expectation of the system of fields q 1 , . . . ,q n . 
Further, we choose by Q the real subspace SR 4 of the nuclear space of smooth complex 
functions of rapid decrease on M 4 . 

Remark 5: By functions of rapid decrease on an Euclidean space M™ are called complex 
smooth functions i]){x) such that the quantities 

||Vlk™ = max sup(l + x 2 ) m \D a ^{x)\ (38) 

\ct\<k x 

are finite for all k, m G N. Here, we follow the standard notation 

D ° = ^ n> F =«H 

o ai x L ■ ■ ■ o an x n 

for an n-tuple of natural numbers a = (oti, . . . , a n ). The functions of rapid decrease con- 
stitute the nuclear space S^M™) with respect to the topology determined by the seminorms 
fl3~8f). Its dual is the space S'(M. n ) of tempered distributions. 2 ' 6,15 The corresponding con- 
traction form is written as 

h)= J ^{x)h{x)d n x, V e S{R n ), h G S'(R n ). 
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The space S^R 71 ) is provided with the nondegenerate separately continuous Hermitian form 



(i/j\h) = / ip(x)h(x)d n x. 



The completion of >S(R n ) with respect to this form is the space L^(R n ) of square integrable 
complex functions on R n . We have the rigged Hilbert space 

S(W n ) c L 2 c (R n ) c S'(R n ). 

Let R n denote the dual of R™ coordinated by (pa)- The Fourier transform 

ilj F (p) = J ilj( x )e ipx d n x } px = Px x\ (39) 
i>(x) = [ tp F (p)e- ipx d n p, d n p = (2n)- n d n p, (40) 



defines an isomorphism between the spaces S*(R n ) and 5*(R n ). The Fourier transform of 
tempered distributions is defined by the condition 

h(x)ip(x)d n x = J h F (p)ijj F (—p)d n p, 

and is written in the form fl39l) - (4G). It provides an isomorphism between the spaces of 
tempered distributions S'(M. n ) and S"(R„). 

The tensor algebra of the nuclear space RS 4 is called the Borchers algebra. 3,4 

Since the subset ® S(R ) is dense in 5*(R ), we henceforth identify A RS i with the algebra 
([]]). Then any state / of A RS i is represented by a collection of tempered distributions 
{W n G S"(R 4n )} by the formula (0). Let us focus on the states of the Borchers algebra 
A RS i which describe free real scalar fields of mass m. 

Let us provide the nuclear space RS 4 with the positive complex bilinear form 

(V#') = - / 1>{x)D-(x - yW{y)d 4 xd 4 y = f ^(-u, - p)ii' F (u, p)—, (41) 
i J J UJ 



D (x) = i(2n) 3 J exp[—ipx]6(p )5(p 2 — m 2 )d 4 p, 



where D (x) is the negative frequency part of the Pauli- Jordan function, p 2 is the Minkowski 
square, and 

uj = (p 2 + m 2 ) 1/2 . 

Since the function ip(x) is real, its Fourier transform satisfies the equality ip F {p) = ip F (~p)- 
The bilinear form (f4T|) is degenerate because the Pauli- Jordan function D~(x) obeys 
the mass shell equation 

(□ + m 2 )D-(x) = 0. 
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It takes nonzero values only at elements ip F G RS^ which are not zero on the mass shell 
p 2 = m 2 . Therefore, let us consider the quotient space 7 : RS 4 — > RS 4 /J, where J = 
{■0 G RS 4 : (0|0) = 0} is the kernel of the square form ([Hp. The map 7 assigns to 
each element G RS A with the Fourier transform ip F (po, p) G RS4 the couple of functions 
(■ip F (u), p),ip F (—uj, p)). Let us equip the factor space RS 4 / J with the real bilinear form 

(tVWOl = Re(0|V) = (42) 

1 r [i^{-u t - P>'>, p) + - P)] 4 '' 



10 

Then it is decomposed into the direct sum RS 4 / J = L + © L~ of the subspaces 

L± = {V>±(<*>, p) = t^>, P) ± P))}, 



which are mutually orthogonal with respect to the bilinear form (|42|). 
There exist continuous isometric morphisms 

7+ : 0+0, P) >-> Q F (P) = ^ _1/2 ^+(w, p), 
7_ : ip F {u), p) I— > q F (p) = —iuj~ 1 ^ 2 ilj F {^>, p) 

of spaces L + and L~ to the nuclear space -RS 13 endowed with the nondegenerate separately 
continuous Hermitian form 

(q\q')= [q F (-p)q' F (p)d 3 p. (43) 



It should be emphasized that the images 7 + (L + ) and 7_(L~) in RS 3 are not orthogonal with 
respect to the scalar form (fG^). Combining 7 and 7±, we obtain the continuous morphisms 
t± : RS 4 — > -RS* 3 given by the expressions 

T+ (jP) = 7 + ( 7 ^)+ = — ^ J [*p F (u}, p) + ^ F (-w, p)} exp[-i p x]d 3 p, 

r_(^) = 7-(tV0- = 7T—T77 / P) ~ ^ F (-^> P)] exp[-z p x}d 3 p. 



2m; 1 / 2 

Now let us consider the CCR algebra 

Q(RS 3 ) = {(0(g), 7r(g), /), q G RS 3 } (44) 

modeled over the nuclear space RS 3 , which is equipped with the Hermitian form (|4*3j). 
Using the morphisms r±, let us define the map 

RS 4 3 ip h- 0(r + (0>)) - 7r(r_(^)) G £(i?S 3 ). (45) 

With this map, one can think of ([0|) as being the algebra of the instantaneous CCR of 
scalar fields on the Minkowski space K 4 . Owing to the map (|45|), any representation of the 
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nuclear CCR algebra Q(RS 3 ) determined by a translationally quasi-invariant measure fi on 
S"(R 3 ) induces a state 

/(V 1 • • -r) = (<P(r + (^)) + 7t(t4^))} ■ ■ ■ + tt(t_(^))]> (46) 

on the Borchers algebra Ars* of scalar fields. Furthermore, one can justify that the corre- 
sponding distributions W n fulfil the mass shell equation and that the following commutation 
relation holds: 

W 2 (x, y) - W 2 (y } x) = -iD(x - y), 

where 

D(x) = i^ny 3 J ex-p[-ipx](9(p ) - 9(-p ))S(p 2 - m 2 )d A p, 

is the Pauli- Jordan commutation function. Thus, the states fl46|) describe real scalar fields 
of mass m. 

For instance, let us take the Fock representation fl3T|) of the CCR algebra Q(RS 3 ). Using 
the formulae in Remark [3] where the form (q\q') is given by the expression (|4"5|), one observes 
that the states fp fl46|) satisfy the Wick theorem relations 

u^ 1 ■ ■ ■ r) = E uw 2 ) ■ ■ ■ / 2 (^- i # ra ), (47) 

while the state f 2 is given by the Wightman function 

W 2 (x,y) = -D-(x-y). (48) 

i 

Thus, the state fp describe standard quantum free scalar fields of mass m. 

Similarly, one can obtain states of the Borchers algebra Ars 4 generated by non-Fock 
representations of the instantaneous CCR algebra Q(RS 3 ), e.g., if K^ 1 = cl ^ 2 _1 / 2 1. 
These states fail to be given by Wightman functions. In particular, they are not covariant 
under time translations. 

VII. EUCLIDEAN SCALAR FIELDS 

As was mentioned above, the causal forms (|J) on the Borchers algebra A rs a are neither 
positive nor continuous. At the same time, they issue from the Wick rotation of Euclidean 
states of the commutative tensor algebra B rs a. These states play the role of Green's 
functions in Euclidean quantum field theory. It should be emphasized that they do not 
coincide with the Schwinger functions in axiomatic quantum field theory whose Minkowski 
partners are the Wightman functions, but not causal forms (see Section VIII). 

Let Q be a real nuclear space as above and Aq its tensor algebra (^7|). We abbreviate 
with Bq the complexified quotient of Aq with respect to the ideal generated by the elements 
q® q' — q' ® q for all q, q' € Q. It is the commutative tensor algebra of Q. Provided with 
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the direct sum topology, Bq becomes a topological involutive algebra. It coincides with 
the enveloping algebra of the Lie algebra of the additive Lie group T(Q) of translations in 
Q. Therefore, we can obtain the states of the algebra Bq by constructing cyclic strongly 
continuous unitary representations of the nuclear Abelian group T(Q). As was stated in 
Section III, such a representation is characterized by a positive-definite continuous gener- 
ating function Z on Q which is the Fourier transform ( |TTD of a bounded positive measure 
\x of total mass 1 on the (topological) dual Q' of Q. The corresponding cyclic strongly con- 
tinuous unitary representation of the nuclear Abelian group T(Q) is given by the operators 
(|I~^) in the Hilbert space L 2 c {Q',ii) of square /z-integrable complex functions p{u) on Q. If 
the function is analytic at a = for all G $, a state F(qi ■ ■ ■ q n ) of Bq is given by 
the expression (|24[) . 

A glance at this expression shows that, in applications to quantum field theory where 
Q = RS 4 , the generating function Z plays the role of a generating functional represented 
by the functional integral ([TT|), while the values (p4 ) of the state F are vacuum expectations 
of Euclidean fields. 

For instance, let \i be a Gaussian measure on Q' whose Fourier transform reads 

Z{ip) = e X p[~M( ( p)], 

where the covariance form M(0i,02) is a nondegenerate separately continuous Hermitian 
form on RS 4 . This generating function defines a Gaussian state F of the algebra B RS i such 
that 

F 1 {<j)) = 0, F 2 ((j) l <f) 2 ) = M(cf) 1 , ( j) 2 ), 
while F n>2 obey the Wick relations (153). Furthermore, a covariance form M on RS 4 is 



uniquely determined as 

M(4>i, 02 ) = / W 2 {x 1 ,x 2 )Mxi)Mx2)d n x 1 d n x 2 . (49) 



by a tempered distribution W 2 G 5"(1R 8 ). 

In particular, let a tempered distribution M(0, 0') in the expression (i"9p be Green's 
function of some positive elliptic differential operator S, i.e., 

£ yi W 2 (y u y 2 ) =S(y 1 - y 2 ), 

where 5 is Dirac's 5-function. Then the distribution W 2 reads 

W 2 (y u y 2 ) = w{yi - y 2 ), (50) 

and we obtain the form 

^(0102) = M(0 1; 2 ) = J w(yt - y 2 )Myi)My2)d 4 yid 4 y 2 = 

w(y)Myi)Myi - y)d 4 yd% = J w(y)cp(y)d 4 y = J w F (q)(p F (-q)d 4 q, 

y = y\- 1/2, (p{y) = / Myi)Myi - y)d%- 
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For instance, if 



8 vi = ~ A yi + m 



where A is the Laplacian, then 



r exp(-ig(y x - y 2 )) 
w(y 1 ~y 2 )= 2—— 2 > 51 

where q 2 is the Euclidean square, is the propagator of a massive Euclidean scalar field. 

Let the Fourier transform w F of the distribution w fl50 ) satisfy the condition (|62| ) below. 
Then its Wick rotation (EB) is the functional 



w{x) = 9{x) J w F (q) exp(—qx)dq + 6(—x) J w F (q) exp(—qx)dq 
Q+ Q- 

on scalar fields on the Minkowski space. For instance, let w(y) be the Euclidean propagator 
(51) of a massive scalar field. Then due to the analyticity of 

w F (q) = ( q 2 + m 2 )~ 1 

on the domain Img • Reg > 0, one can show that w(x) = —iD c (x) where D c (x) is familiar 
causal Green's function. 



VIII. APPENDIX. THE WICK ROTATION 



Let us describe the above mentioned Wick rotation of Euclidean states in the previous 
Section, and compare it with the transition between Wightman and Schwinger functions. 

We start from the basic formulae of the Fourier-Laplace transform. 6 It is defined on 
Schwartz distributions, but we focus on the tempered ones. 

Throughout, M™ and M + denote the subset of points of M. n with strictly positive Carte- 
sian coordinates and its closure, respectively. Let / G S"(lR n ) be a tempered distribution 
and r(/) the convex subset of points q G M n such that 

e~ qx f{x) G S'(R n ). (52) 

In particular, G r(/). Let IntT(/) and dT(f) denote the interior and the boundary of 
r(/), respectively. 

The Fourier-Laplace (henceforth FL) transform of a tempered distribution / G S"(lR n ) 
is said to be the tempered distribution 

f FL (p + iq) = (e~' lx f(x)) F (p) = J f(x)e l ^ x d n x G S'(R n ), (53) 

which is the Fourier transform of the distribution (|52|) depending on q as parameters. One 
can also think of the FL transform (p^ ) as being the Fourier transform with respect to the 
complex arguments k = p + iq. 
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If Int r(/) 7^ 0, the FL transform f FL (k) is a holomorphic function of complex arguments 
k = p + iq on the open tube R n + ilnt r(/) C C n over Int r(/). Moreover, for any compact 
subset Q C Int r(/), there exist strictly positive numbers A and m, depending of Q and /, 
such that 

\f FL (p + iq)\<A(l + \ P \r, P eR n , geQ. (54) 

The evaluation (|54]) is equivalent to the fact that the function h(p + iq) defines a family 
of tempered distributions h q (p) G 5"(R n ) of the variables p depending continuously on 
parameters q G S. 

Let us notice that, if G Int r(/), then 

f FL (p + iO)= \imf FL (p + tq) 

g-i-0 

coincides with the Fourier transform f F (p) of /. The case of ^ Int r(/) is more intricate. 
Let S be a convex domain in M n such that G dS, and let h(p+iq) be a holomorphic function 
on the tube T s which defines a family of tempered distributions h q (p) G S'(M. n ), depending 
on parameters q. One says that h{p + iq) has a generalized boundary value ho(p) G S"(lR n ) 
if, for any frustum K r C 5U {0} of the cone K (Z M. n (i.e., K r — {q G K : |g| < r}), one 
has 

for all functions ip G 5'(]R n ) of rapid decrease. Then the following assertion holds. 

Proposition 1: Let / G 5"(M ra ), Int r(/) 7^ and G" Int r(/). Then a generalized boundary 
value of the FL transform f FL (k) in S'(M. n ) exists and coincides with the Fourier transform 
f F (p) of the distribution /. 

Let us apply this result to the following important case. The support of a tempered 
distribution / is defined as the complement of the maximal open subset U where / vanishes, 
i.e., /(VO = for all ^ G S(W l ) of support in U. Let / G S'(W n ) is of support in 1" . Then 
M n + C r(/), and the FL transform f FL is a holomorphic function on the tube over M n +, 
while its generalized boundary value in S"(R n ) is given by the equality 

h (ij(p))= lim f? L (j>(p)) = f F ty(p)), V^GS(M n ). 

\q\— »0,geR n + 

Conversely, one can restore a tempered distribution / of support in from its FL trans- 
form h(k) = f FL (k) even if this function is known only on zM n+ . Indeed, the formulae 



h{(f>) = J h{iq)(j>{q)d n q = J d n q J e- qx f(x)<P{q)d n x = (55) 

Kn+ Kn+ R™ 

'/(x)0(x)d n a;, ^G5(M n+ ), 
(ar)= f e~ qx (j)(q)d n q, x G I+, 0g5(R+), (56) 
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define a linear continuous functional h(q) = h(iq) on the space S'(M n+ ). It is called the 
Laplace transform f L (q) = f FL {iq) of a tempered distribution /. 

Remark 6: Let us illustrate the restoration of a tempered distribution from the functional 
(|55|) in the case of n = 1. Let / G S"(R+). Its FL transform reads 



oo 

h(p + iq) = J e i{p+iq)x f(x)dx, q>0. (57) 



Since h{p + iq) ( |57|) has the generalized boundary value h(p + iO), the / is reconstructed 
from h(z) = h(iz) by the formulae 

0+ioo 

/(*) = — / e z *h(z)dz, h(0-ip)=f F (p). (58) 

0— ioo 

where 

oo 

h(q) = h(iq) = J e~ qx f(x)dx, q > 0, 
o 

is the Laplace transform f L of /. 

The image of the space S'(R n+ ) with respect to the mapping 0(g) i— > <f>(x) (|5^) is dense 



in S'(R + ). Then the family of seminorms ||0||fc m = ||0||fc,m, where ||-||fc,m are seminorms 
fl38| ) on S(M. n ), determines new coarsen topology on 5(R n+ ) such that the functional (|55D 
remains continuous with respect to this topology. Then the following is proved. 6 

Theorem 2: The mappings fl55|) and fl56[) provide one-to-one correspondence between the 
Laplace transforms f L (q) = f FL (iq) of tempered distributions / G 5"(R^) and the elements 
of S"(R n+ ) which are continuous with respect to the coarsen topology on S'(R n+ ). 

This Theorem enables one both to establish the relation between Wightman and Schwinger 
functions and to define the above mentioned Wick rotation of Euclidean states 

We here address Wightman and Schwinger functions in axiomatic field theory in order 
to show the difference between Schwinger functions and the above states of Euclidean fields. 

Recall that Wightman functions are defined as tempered distributions W n C S"(R 4n ) 
on the Minkowski space which obey the Garding-Wightman axioms of axiomatic field 
theory. 6 ' 19 ' 20 Let us mention the Poincare covariance axiom, the spectrum condition and 
the locality condition. 

Due to the translation covariance of Wightman functions W n , there exist tempered 
distributions w n G S"(R 4n ~ 4 ) such that 

Wnixx, ...,x n ) = w n {xi -x 2 ,..., x n -i - x n ). (59) 



The spectrum condition implies that the Fourier transform w F of the distributions w n ([59] 
are of support in the closed forward light cone V+ in the momentum Minkowski space R4 
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It follows that the Wightman function w n is a generalized boundary value in ^(IR 4 ™ -4 ) of 
the function (w^) FL , which is the FL transform of the function w F with respect to variables 
Pq and which is holomorphic on the tube (M 4 + iVJ) n ~ 1 C C 4n . Accordingly, W n (xi, . . . , x n ) 
is a generalized boundary value in S"(IR 4n ) of a function W n (zi, . . . , z n ), holomorphic on the 
tube 

{zi : lm(z i+1 - Zi) G V_, Re^ G M 4 }. 

In accordance with the Lorentz covariance, the Wightman functions admit an analytic 
continuation onto a wider domain in C 4n , called the extended forward tube. Furthermore, 
the locality condition implies that they are symmetric on this domain. 

From now on, let us denote by X the space M 4 associated to the real subspace of C 4 
and by Y the space M 4 , coordinated by (y°, y 1 ' 2 ' 3 ) and associated to the subspace Y of C 4 
whose points possess the coordinates (iy° , y 1 ' 2 ' 3 ) . If X is the Minkowski space, then one 
can think of Y as being its Euclidean partner. 

Let us consider the subset Y£ cYc C 4 ™ which consists of the points (z±, . . . , z n ) such 
that Zi 7^ Zj. It belongs the domain of analiticity of the Wightman function W n (zi, . . . , z n ), 
whose restriction to Y2 defines the symmetric function 



S n {yi, ...,y n ) = W n (z 1 , ...,z n ), Zi = (iy°, y\ 



„, 1,2,3^ 



on Y2- It is called the Schwinger function. On the domain Y™ of points (y±, . . . ,y n ) such 
that < yl < ■ ■ • < y®, the Schwinger function takes the form 

S n (yi, ...,y n ) = s n (y 1 -y 2 ,..., y n -i - y n ), (60) 

where s n is an element of the space S"(y™ _1 ) which is continuous with respect to the coarsen 
topology on S{Y™~ 1 ). Consequently, in accordance with Theorem ^ and by virtue of the 
formula (0), the Schwinger function s n (|60"D can be represented as 

Sn{Vl ~ V2, ■ ■ ■ , Vn-l - Vn) = (61) 

/ expK(^° - y° j+1 ) - i Y.vi{y) - tf+iMtf, ■ ■ -,V n )dd ■ ■ ■ d,p n ~\ 
J k=i 

where w F G «S"(R n+ ) is the Fourier transform of the Wightman function w n , seen as an 
element of S'(M. n+ ) of support in the subset pg > 0. The formula (|6l|) enables one to restore 
the Wightman functions on the Minkowski from the Schwinger functions on the Euclidean 

1Q 2D 

space. ' 

For instance, let us consider Wightman and Schwinger functions w 2 and s 2 for a massive 
scalar field. The Schwinger one reads 

r e -*p(lfl.-Jte) 

^2(2/1 - 2/2) = / — 2-; h-diq, 
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where q 2 is the Euclidean square and (y\ — y®) < 0. It coincides with the distribution 
w (yi ~ 2/2) (0) restricted to the domain (y° — y®) < 0. Let us omit a computation under 
the sign of spatial integrals, and let us introduce the notation y° = y® — y\ and 

M=(f + m 2 ) 1 ' 2 . 

Then bearing in mind the formula fl58|), we obtain 

00 - 
1 p p-my 1 n 

s 2 ( y °) = — ^ -dp = —e M y\ y° < 0, 

vy 2n J p% + M 2 2M ' y 

—00 

0+ioo 0+ioo 

2m J 2m J 2M 

0— ioo 0— ioo 

00 

— / —e lx(M - po ^dx = —5(p — M) = dip 2 — M 2 ), p <0, x = -iy°. 
2tt J 2M 2M KF ' KF0 h F y 

—00 

It follows that W2{p) is the Fourier transform of the Wightman function (Pj|). 

Turn now to the above mentioned Wick rotation of Green's functions of Euclidean 
quantum fields to causal forms on the Minkowski space. 

Since the Minkowski space X and its Euclidean partner Y in C 4 have the same spatial 
subspace, we further omit the dependence on spatial coordinates. Therefore, let us consider 
the complex plane C 1 = X © iZ of the time x and the Euclidean time z and the complex 
plane Ci = P © iQ of the associated momentum coordinates p and q. 

Let W(q) G S'(Q) be a tempered distribution such that 

W = W + + W_, W + G S'(Q + ), W. G S'(Q_). (62) 

For instance, W(q) is an ordinary function at 0. For every test function ip + G S(X + ), we 
have 

^ W(q)-ijj + (q)dq = — f dq I dx\W{q) exp(— qx)ip+(x)] — 



27T J wr-r^' J 27T 

1 



(27T) 



dq J dp J dx\W(q)i[)+(p) exp(— ipx — qx)\ 

~ % f J f J trxrf \^+(p)- 



[dq j dp[W{q)^-\ = i- / (63) 
J J r> — in 2rr J 



(2ir) 2 J J p-iq 

Q+ p Q+ 

due to the fact that the FL transform ip+ L (j> + iq) of the function ip + G S(X + ) C S'(Xj 
exists and that it is holomorphic on the tube P + iQ + , Q + C Q<p + - Moreover, ip^ L (p+i0) ■ 
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<fi+(k), and the function ip + (q) = ip+ L (—q) can be regarded as the Wick rotation of the test 
function ip + (x). The equality (|63D can be brought into the form 

^ J W(q)Mq)dq= J W+(x)^+(x)dx, (64) 
71 ~Q + x + 

W+(x) = 77- / exp(-qx)W(q)dq, x G X+. 
2tt _J 

Q+ 

It associates to a distribution W(q) G S'(Q) the distribution W+(x) G S'(X+), continuous 
with respect to the coarsen topology on S(X + ). 

For every test function ^_ G 5(X_), the similar relations 

— — I W{q)4>-{q)dq= [ W-{x)<j>-(x)dx, (65) 



2tt 

Q_ x 



W-(x) — — I exp(—qx)W(q)dq, x G X-, 

Z7T J 



hold. Combining (64) and (|65[) , we obtain 

Vy(g)V>(g)(ig = / W / (x)V'(a;)(ia;, (66) 



1 

2^ 



where W(x) is a linear functional on functions ip G S(X), which together with all derivatives 
vanish at x = 0. One can think of as being the Wick rotation of the distribution (|62]). 

One should additionally define at the point x = in order to make it to a functional on 
the whole space S(X). This is the well-known ambiguity of chronological forms in quantum 
field theory. 
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